Abstract. Optical beam spread and beam quality factor in the presence of both an initial quartic phase aberration and atmospheric turbulence are studied. We obtain the analytical expressions for both beam radius-squared and the beam quality factor using the moment method, and we compare these expressions with the results from Monte Carlo simulations, which allow us to mutually validate the theory and the Monte Carlo simulation codes. We then analyze the first-and second-order statistical moments of the fluctuating intensity of a propagating laser beam and the probability density function versus intensity as the beam propagates through a turbulent atmosphere with constant C 2 n . At the end, we compare our analytical expression and our simulations with field test experimental results, and we find a good agreement.
Introduction
Free-space optical communication links support both commercial and military applications due to their high bandwidth and high directivity, which makes them hard to detect, intercept, and jam. However, a laser beam propagating in free space can undergo significant random intensity fluctuations due to turbulence along the propagation path. Also, the transverse beam quality of a laser beam is degraded by an initial quartic phase aberration. A quartic phase aberration, more commonly known as a spherical aberration, can result from aberrated optical components such as a beam-expanding telescope, focusing or collimating lenses, or other conventional optical elements. 1 In general, an initial quartic aberration of the beam and atmospheric turbulence lead to far-field beam spread, degrade the laser beam focusability, and increase values of the beam quality factor. The beam spread and beam quality factor for a fully coherent beam 2, 3 and a partially coherent beam 4, 5 in the presence of atmospheric turbulence have been previously studied. Also, the beam quality factor in the presence of aberrations has been described by Siegman 1 and Siegman and Ruff. 6 In this paper, we study the spread and beam quality factor in the presence of both atmospheric turbulence and an initial quartic aberration. We obtain the analytical expressions for both the mean-square beam radius and the beam quality factor using the moment method, and we compare these expressions with the results from Monte Carlo simulations. This comparison allows us to mutually validate the theory and the Monte Carlo simulation codes. We then analyze the first-and second-order statistical moments of the fluctuating intensity of a propagating laser beam and the probability density function (PDF) versus the intensity at the detector point. We show that in the presence of moderate to strong turbulence fluctuations, the simulation data fit well to a gamma-gamma PDF. At the end, we compare our analytical expression and our simulations with the field test experimental results, and we find a good agreement.
This paper is organized as follows: In Sec. 2, we review the theory of beam spreading in the presence of both quartic beam aberrations and atmospheric turbulence. 7 We use the moments method to evaluate the mutual coherence function, and we obtain an exact analytical expression for the ensemble-averaged mean-square beam radius, hr 2 i. We also calculate the beam quality factor, and we show that it has the form M turb , to the beam quality is strictly additive. We describe the Monte Carlo simulations, and we look at the beam radius versus propagation distance in order to compare the analytical results with the Monte Carlo simulations.
Experimental field tests were conducted near Wallops Island, Virginia, and are described in Sec. 3. We look at the intensity fluctuations due to the optical turbulence along the propagation path, the PDF, and the scintillation index of the field test data and compare these results with our Monte Carlo simulations of Gaussian beam propagation through a turbulent atmosphere, and we find a good agreement. 
Analytical Expressions
The classical approach for calculating the ensemble-averaged mean-square beam radius in a turbulent atmosphere described in Andrews and Phillips 8 and Fante, 9 is to find a good analytical approximation for the mutual coherence function and then to carry out an integration over the transverse beam profile. This approach works well with Gaussian beams, but is not useful for aberrated beams where good analytical approximations for the mutual coherence function are difficult to obtain. Therefore, it is advantageous to use other approaches such as the moment method that is described by Feizulin and Kravtsov 2 and by Gbur and Wolf. 4 We previously presented an application of this approach to calculate the mean-square beam radius for a beam with an initial quartic phase aberration as it propagates through the atmosphere. 7 We review the principal elements of this theory that will be needed in the remainder of the paper. We note that the moment method allows us to directly obtain an exact analytical expression for the ensemble-averaged mean-square beam radius, hr 2 i, without requiring us to obtain an expression for the mutual coherence function.
We first write the paraxial wave equation
where R ¼ ðr; zÞ is the position vector, r ¼ ðx; yÞ is the transverse vector, z is the propagation distance, k is the wavenumber of the light, VðRÞ is the envelope of the electric field, ∇ 2 T is the transverse Laplacian operator, and n 1 ðRÞ is the randomly fluctuating portion of the atmosphere's refractive index. We discuss the solution to the paraxial wave equation in the next section.
We will consider here an aberrated Gaussian beam with a quartic phase aberration that has been described by Siegman 1 and Siegman and Ruff. 6 We may write the initial beam profile as
where r ¼ jrj is the magnitude of the transverse vector, W 0 is the initial beam radius, C 4 is the aberration strength of the nonideal optical element, and F is the beam focal length. The quantity A is the amplitude, and we may set A ¼ 1 for simplicity, since our system is linear. The case in which the beam radius is a minimum at z ¼ 0 will be presented here. In that case, we find
where the overbar indicates an average over the beam intensity, so that
where we let Iðr; zÞ ¼ jVðr; zÞj 2 . Writing r ¼ ðr; θÞ in cylindrical coordinates, we note that Iðr; zÞ is not independent of θ for particular realizations. In contrast, we will denote the ensemble average over all turbulence realizations using the brackets h·i, and hIðr; zÞi is independent of θ, since the initial profile that we considered is θ-independent.
Using Eqs. (2) and (3), we find that the initial wave function of a Gaussian-distributed beam with quartic phase aberration becomes
The beam radius squared W 2 ðzÞ is traditionally defined as twice the mean-square radius, and it can be written as
where Γ 2 ðr; r; zÞ is the mutual coherence function. In writing Γ 2 ðr; r; zÞ, we follow Andrews and Phillips and use the scalar field Uðr; zÞ ¼ Vðr; zÞ expðikzÞ, rather than the envelope Vðr; zÞ. Defining U 0 ðrÞ ≡ Uðr; z ¼ 0Þ, we also have U 0 ðrÞ ¼ V 0 ðrÞ. We now find that the mutual coherence function can be written as
where D sp ðQÞ is the turbulence structure function, Q ¼ jQj, S ¼ jSj, and S and Q are two-dimensional dummy variables. In our computational work, we will use the von KarmanTatarskii model 10 of turbulence. In this case, we find that when Q → 0, then D sp ðQÞ is well approximated by
where C n is the refractive-index structure parameter, l 0 is the inner scale of the turbulence, and k 0 ¼ 2π∕L 0 . where L 0 is outer scale of turbulence. We see that when Q → 0, then
That is the case for any physically reasonable turbulence model, not just the von Karman-Tatarskii model, as we have previously shown. 7 Substituting Eq. (5) into Eq. (7) results in
Even when turbulence is absent so that D sp ðQÞ ¼ 0, Eq. (9) cannot be analytically evaluated. However, the beam radius squared may be found using the moments method starting from Eq. (6) . To do so, we first calculate G 0
Next, we calculate G 2 when there is no turbulence, so that
Therefore, the beam radius squared in the absence of turbulence becomes
so that the beam quality factor due to quartic aberrations is given by M Adding the turbulence contribution to the total beam radius squared, we obtain The turbulent contribution to M 4 total for all distances is given by
so that in total
Monte Carlo Simulations
We also calculated the beam-radius-squared, hW 2 i MC ¼ 
where we recall Uðr; zÞ ¼ Vðr; zÞ expðikzÞ. We then write the first two statistical moments of the phase screens θ ≡ k∫ 
We use the method of randomly varying phase screens, 11 combined with the split-step method, 11 to calculate Uðr; zÞ for a particular realization and from that we calculate
We use the von Karman-Tatarskii spectrum 10 to obtain the spectrum of the phase screens. Averaging over 10 4 realizations, we obtain an estimate hW 2 ðzÞi MC ¼ 2hr 2 ðzÞi MC . Figure 2 presents the spatial profiles at three different propagation distances of an infrared laser beam at 1550 nm on a 120 cm by 120 cm screen in the maritime environment captured off the Atlantic coast near Wallops Island, Virginia. 12 The beam is collimated and the receiver and transmitter are both on-axis. These results can be compared with Fig. 3 , which shows the infrared (IR) spatial profiles of a Gaussian beam on a 80 cm by 80 cm screen with over 10 4 iterations using Monte Carlo simulations at three different propagation distances of 5.1, 10.7, and 17.8 km. Since we show the single realizations of the experimental beams, the simulations do not exactly reproduce the experimental results. We see, however, that the spread of the beam in both the experiments and the simulations is occurring on the same length scale.
Experimental Results Compared with Monte Carlo Simulations
For the field experiment, a bidirectional infrared optical link was established between a lookout tower and a research vessel that is located in a range between about 5 km away from the lockout tower and almost the optical horizon distance of 17.8 km. The link was locked, and pointing and tracking were maintained using commercially available adaptive optics terminals. The data that are presented here were collected from the 2.54 cm diameter power-in-fiber adaptive optics detector on the research vessel, and the beam from the tower was transmitted from a 10-cm adaptive optics aperture. Observed realizations are each 1-min long, samples of the data were collected at 10 4 samples/second or 6 × 10 5 data points for the 1-min observation time, and then normalized to the mean of the data. The experiments that we report here used adaptive optics; however, we have experimentally compared the statistics using 0.64-cm power-in-bucket located just off of the centerline, 13 and the adaptive optics do not appear to have significant impact on the beam quality statistics that we report here. We carried out the simulations setting F ¼ 0. We found that we had to use C 2 n ¼ 1.2 × 10 −15 m −2∕3 at a propagation distances of 5.1 and 17.8 km and C 2 n ¼ 4.0 × 10 −16 m −2∕3 at a propagation distance of 10.7 km to obtain a good agreement between our simulations and experiments. These values differ somewhat from the path average value of 2.4 × 10 −15 m −2∕3 that was estimated at the time of the experiments, but are within the error range of this estimate. This estimate was rough, and, in fact, comparison to Monte Carlo simulations like ours is an effective means of deducing the actual value. We note that it is possible that C 2 n fluctuates during the data runs and may be partially affected by the diurnal cycle. However, it has been previously shown that we may assume that the value is constant across the link. 12 Additional details of the experimental setup as well as the overall environmental characterizations can be found in Refs. 14 and 15.
Additionally, in Fig. 4 , we show a comparison of the Monte Carlo simulations with the field test data at a propagation distance of 17.8 km with both the lognormal and gammagamma PDF distributions. 12 With moderate to strong turbulence fluctuations, the gamma-gamma PDF should agree well with both our simulations and experiments. The fluctuation regime is characterized by the Rytov variance
The weak fluctuation regime corresponds to σ 2 R < 1, whereas the moderate-to-strong fluctuation regime corresponds to σ 2 R > 1. For our simulations, the Rytov variance is 4.7, and, for the experiments it is 10.5 at 17.8 km; so, we are in the moderate to strong fluctuation regime. Our results are consistent with those in Ref. 13 . Table 1 shows a comparison of the scintillation index that we obtain from our Monte Carlo simulations and from our experiments. The scintillation index is the irradiance variance scaled by the square of the mean irradiance 
where the irradiance is equal to mutual coherence function, hIðr; zÞi ¼ Γ 2 ðr; r; zÞ, and the second moment of the irradiance is the fourth-order coherence function, hI 2 ðr; zÞi ¼ Γ 4 ðr; r; r; r; zÞ. In order to calculate the scintillation index of the simulation, we computed the irradiance from the peak intensity over 10 4 realizations. In the experiments, the scintillation index is computed directly from the data run. As can be seen in Table 1 , the scintillation increases as distance increases. The agreement between the simulations and experimental results is good for all distances. As was mentioned previously, we found that we had to use C 
Conclusion
In conclusion, we reviewed analytical expressions for both the mean-square beam radius and the beam quality factor using the moment method that was first developed by Feizulin and Kravtsov. These analytical expressions help us to understand how the laser beam spreads and degrades in passing through atmospheric turbulence when there is an initial quartic aberration. We compared these expressions with the results from Monte Carlo simulations, which allowed us to mutually validate the theory and our Monte Carlo codes. Monte Carlo simulations have been used far less in the studies of free-space communication systems than in optical-fiber communication systems, but they are likely to become an indispensable tool in the future as systems grow more complex. We have shown that the probability distribution of the simulation predicts a gamma-gamma distribution in agreement with experiments. Additionally, we compared the simulation results with field test data. The agreement was excellent. In particular, we obtained good agreement between the scintillation index that is found experimentally and the scintillation index that is calculated in our simulations. Our results also indicate the usefulness of the Monte Carlo simulations as a way to both understand the experimental behavior and estimate the turbulence parameters. Bradley G. Boone has been involved with electro-optical and infrared systems development at JHU/APL for over 36 years. Recently, he led several initiatives in optical communications for deep and near-terrestrial space applications, as well as RF and optical sensors for proximity space operations and small-body (e.g., asteroid) landing. He has done R&D work in pattern recognition, superconducting electronics, and optical signal processing, and was involved in advanced missile guidance for over two decades.
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